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Euclidean lattices

ANNA SOMOZA

1 Definitions

A lattice A is a free Z-module of finite rank. Given a linearly-independent basis (b;)1<i<n of R4

with n < d, we have
A= {ZbeZxZ EZ}.
i=1

In general, we will consider the case n = d.

Figure 1: A lattice in R?, which is generated both by {b1, b2}, and by {c1,c2}.

In general, they are the result of applying a nonsingular transformation to the integer lat-
tice Z", that is,
A={Bzx:xzeZ"}

for B € R¥™™ the matrix that has b, ..., b, as columns.
Note that the same lattice can be represented by several different bases, see Figure

Definition 1.1. A unimodular matriz is a square integer matrix with determinant +1.
Equivalently, it is a matrix U € Z™*™ such that there exists a matrix V' € Z"*™ that satisfies

UV =VU = I,.

Proposition 1.2. Two bases with matrices B and C' respectively generate the same lattice if
and only if there exists a unimodular matrix M € Z™*"™ such that B = CM.

Proof. Start by assuming B = C'M for some unimodular matrix M, so we also have C' = BM 1.
Then, since both M and M~! are integer matrices, it follows that A(B) C A(C) and A(C) C
A(B) )

Now assume that B and C are two bases for the same lattice A. Then, by definition,
there exist integer matrices M, N € Z"*™ such that B = CM and C = BN. It follows that
B = BNM or, equivalently, B(I,, — NM) = 0. Since B is nonsingular, we obtain I,, — NM = 0.
Analogously one gets I, — M N = 0, so we conclude that M is unimodular. O
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2 Gram-Schmidt orthogonalization (GSO)

Definition 2.1. A basis (b;)1<i<p is called orthogonal (with respect to a scalar product (-,-))
if we have (b;, b;) = 0 for all i # j.

We define the orthogonalization of a basis (b;)1<i<n, of R as a basis (b})1<i<n such that b}
is the component of b; that is orthogonal to the space generated by by,...,b;_1.
We compute it iteratively with the following formula:

=bi— Y pihi, (GSO)

J<i
where p1;; = (b, b7)/ (b}, b3).
Proposition 2.2. The basis obtained with s orthogonal.
Proof. We prove it by induction.
e By definition, b] is orthogonal.

e Assume that for a fixed ¢, the family (b])1<;<;—1 is orthogonal, that is,

- 0 if r # s,
<b'r’ bs> - % 1ok .
(br,br)y ifr=s;
and define b} as in (GSO). Then, for rin 1,...,7 — 1, we have
(b, by) = ZNZ]b;abi (s, b7) ZH@J (03, b7) = (bi, bi:) — par by, by) =
Jj<i 7<i
hence we conclude that the family (b})1<;<; is also orthogonal. O

Let B, B* be respectively the matrices for the bases (b;)1<i<n, (b})1<i<n. Then, the matrix

1 po1 -+ pna
. c. '.. /,L'n,7n—1
0 0 1

satisfies B = B*A.

Remark 2.3. Given a lattice basis, the basis obtained with (GSO) is not necessarily a lattice
basis. See Figure

Remark 2.4. We do not consider the orthonormalization, that is, scaling the generators to
have norm 1, to avoid taking square roots. Therefore, if the original basis is defined over Q ,
then its GSO is also defined over Q.
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Figure 2: The GSO of the basis {b1,b2} is not a basis of the original lattice because b3 is not
an element of the original lattice.

3 Determinant of a lattice

We define the Gram matriz of the basis (b;)1<i<n as the matrix

Gram(b,...,bp) = ((bi,0j))1<; j<p -

Equivalently, one writes
Gram(by,...,b,) = T BB.

The Gram matrix is symmetric and positive definite. We write

det A = +/det Gram(by, . .., by,).

Remark 3.1. Recall that B is a (d x n)-matrix, hence not necessarily square. When d = n,
then we have
det A = | det B|.

Proposition 3.2. The value det A does not depend on the basis (b;);, and it is equal to the
product of the norms of the elements b} of the GSO of (b;);.

Proof. To prove that the determinant of the lattice is independent on the basis, let B,C be
the matrices of two bases of a lattice A. By Proposition there exists a unimodular matrix
M € 7™ that satisfies C'= BM. Since by definition det M = +1, the claim follows from

det Gram(cy, ..., ¢,) = det(CC) = det(! MT BBM) = (det M)? det Gram(by, ..., by,).

To prove the second claim, recall that by Proposition we have B = B*A for A as defined
in . Since A has determinant 1, by an equivalent argument we get

(b1, b1)

det A = \/det Gram(b;, ..., by) = | det
(b7, br,)

n»-n

The result follows. O

We define the fundamental domain of a lattice A(B) as the set

]:(A): {iAibi:Og)\i< 1},

=1

and define vol F(A) = det A.
The following result is obtained immediately from the inequality ||b}|| < ||b;]|.
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Figure 3: The fundamental domain of the lattice A generated by by, bs.

Corollary 3.3 (Hadamard’s inequality). For any lattice A(B), we have
det A < JTI1bill.
i=1

4 Minimum of a lattice

We define the minimum of a lattice A, denoted A(A), as the minimal length of a nonzero vector
of A.
Finding an element z € A(B) such that ||x|| = A(A) is an NP-complete problem.

Proposition 4.1. Let A be a lattice with basis (b;)1<i<n and let (b})1<i<n be its Gram-Schmidt
orthogonalization. We have

AA) > mln [|16; ]| > 0.
1<6<

Proof. Let x € Z™ be a nonzero integer vector, let B be the matrix associated to (b;);, and
consider the element of A given by Bx. We will show that ||Bz|| > minj<;<y, ||b}]].

To that end, let j be the largest index with z; # 0. Using that b;f is orthogonal to all b;
with ¢ < j, we obtain

(B, b5)] szb 05| = N l1465, 07)| = L [[B511

1Y) VR

We also have that (Bz,b}) < |[Bz||[|bj]|, hence we conclude

1Ball > fa] 511 > min |57 > 0. m

Given z,y € R", we write x =y mod A if and only if z — y is an element of A.

Lemma 4.2. Let S be a measurable set in R™ such that vol S > det A. Then there exist x,y € S
such that x =y mod A.

Proof. For every x € A consider the set S, = X N (z + F(A)), which define a partition of the
set S. In particular, we have

vol § = Zvol S,

TEA
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If we now consider the translations S, = S, —z = (S — ) N F(A), then all the sets S, are
contained in the fundamental domain of the lattice, and it is clear that vol S, = vol SJ.

Therefore, since we have S, € F(A) and also det A = vol F(A) < vol S = 3", vol S}, we
conclude that the sets S’ cannot be disjoint, that is, there exist z,y € A and z € F(A) such
that z € S, NS}

If we consider the opposite translation, we obtain two points z1 = z2+x € S, 20 = 2+y € 5y
such that their difference z1 — 29 = z — y is an element of the lattice. O

Theorem 4.3 (Minkowski). Let C' be a centrally-symmetric convex set in R™ such that vol C' >
2" det A. Then there exists a nonzero element of A in C.

Proof. Start by considering the set % = {z: 2z € C'}. We have

C  vol(C)
vol 5 = on

> det A,

hence by Lemma there exist z1, 20 € % such that [ = z1 — z9 € A or, equivalently, that there
exist c¢1,co € C such that

1
Il==(c1 — c9).
51— c2)
That [ is an element of C' follows from it being centrally-symmetric and convex. O

Theorem 4.4. Let A be a full-rank lattice in R™. Then we have
A(A) < v/n(det A/

Proof. Consider the open ball B = B(0, A(A)), which by definition contains no nonzero lattice
points. Then, by Theorem we have vol B < 2" det A.

Consider also a cube C' of side length 2/\\/%\) centered at the origin, and note that it is

contained in B. Altogether we obtain

2A(A)\"
< < oM
( NG ) <volB <2"det A,

and rearranging the inequality above we obtain the desired result. O

This result motivates the study of the so-called Hermite constant,

= su 7/\(/&)2
Tn = A,dim?\:n (det A)?/n'

To this day, this is only known for some values of n, as shown on the following table:

n|1l 2 3 45 6 7 8 24
A1 4/3 2 4 8 64/3 64 256 4%

5 Reduced bases

The goal for the following sections is to present algorithms to obtain reduced bases for a given
lattice.

Definition 5.1. We will say that a basis (b;)1<i<n of A is proper if the coefficients of the matrix
A obtained with the (GSO) satisfy |p;;| < 3 for i > j.
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Algorithm 1: Proprification algorithm

input : A basis (b;)i1<i<n of A
output: A proper basis (¢;)1<i<n of A such that ¢; = b; + ZJQ
Compute the GSO of (b;) and note the coefficients f1;;.
for i =1 to n do
for j=i—1to1do

zj = |pij]

bi = bz' — iL‘jbj

Hijg = Wi — Xy

for k=1toj—1do

| Mik = Wik — Tjjk

return (b;)1<i<n

Proof. Observe that the changes made at each step do not change the final GSO basis. The
goal is to prove that the output base is proper. We proceed by induction.

e The base case is true by definition.

e Assume that for a fixed pair (z j), the family ¢1,...,¢;—1 is proper, that is, for every
k <l1<i—1 we have \,ulk| < ,andforeveryj—i—l < k <i—1 we also have || < %
We will now prove |p;;| < 3. Smce we have

bi = b + > pardj;

k<i
we write
bi — |uij1b; = <bf + ZMik%) g ] | 05+ pwbi
k<i k<j
=0 + Y by — L 105 — Lig 1Y pindi
k<i k<j
i—1
= br + Z ,Uikbz + (Mij ,U/ZJ-| b +Z ,uzk Nzg N]lc)b
k=j+1 k<j
The new value of ji;; is then p;; — [145], so we obtain || < % O

Definition 5.2. We will say that a basis (b;)1<i<n of A is Siegel-reduced if it satisfies
* (12 2
[67]17 < 2[|b74 |l
for every i < n.

In the definition of LLL-reduced basis there is a more general condition, known as the Lovasz
condition, in terms of a parameter § €5, 1[:

0l1b; 1l < 1167 + pai—1bi 4 |17

The condition in the definition of Siegel-reduced is equivalent to the Lovész condition when
0= %, and we will always consider this case for the current course.
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Remark 5.3. For a Siegel-reduced basis, we have
[o1][* = (171> < 2(b3]* < -~ < 277 Hby ||,

from where we obtain

% n(n 1) n(n—1)
[ba]™ < <HHb !) = 277 detA.

Definition 5.4. We will say that a basis (b;)1<i<n of A is reduced if it is both Siegel-reduced
and proper.

Lemma 5.5. Let (bj)i<i<n be a reduced basis. Then it satisfies

1] i1
o712~

: . . :
Proof. Since we have b; = b + ., j1;;b, we can write
* |2
I

| 2 ”bj
Hb*H2 a Z o

From the fact that the basis is Siegel-reduced we obtain ||b3"||2 < 2077|[b2||%. On the other
hand, since the basis is proper we also have || < % We conclude

i—1

||bH 1+Z 21 ]_;+2z 2<2z 2+212 21'71. n

o711~

Theorem 5.6. Let x € A\{0}, and let (b;)1<i<n be a reduced basis of A. Then we have:

(i) [|ball < 207D72||z]], and

(i) if 1,2, -+ ,x¢ are linearly-independent elements of A, then ||b;|| < 2(n—1/2 max I3 |-
Proof. (i) Let b; be the vector of the GSO that attains the minimum norm. Given that

the basis (b;) is Siegel-reduced, we have [|b1[|* = [|b}[|* < 2"~ ![|b5]1%, and it follows from
Propositionthat we have [|b5[> < A(A)? < ||z||?. Altogether we obtain

o1 < 257 HBg )1 < 25 al® < 27 .

(ii) Once again, since the basis (b;); is Siegel-reduced, we have
6511 < 201654 |12 < -+ < 2777|071,

Moreover, for every j let us write x; = Y I | ri;b;, with r;; € Z, and let I(j) denote
the biggest 7 such that r;; # 0. By a reasoning analogous to the one in the proof of
Proposition [4.1] we have

1% = (1675117 (2)
Changing the order of the elements z; if necessary, we can always assume (1) < --- < I(t).

Next we prove by induction that j < I(j).

e For the base case, the claim is vacuously true: 1 < I(1).
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e Assume that for a given j the condition j — 1 < I(j — 1) is satisfied, and recall that
we have I(j — 1) < I(j). So we write j —1 < I(j). If I(j) = j — 1, then we have

(1, 25) © (b, 5 b)),

what contradicts the independence of the elements (z;). So we conclude that j < I(j).

Next, by Lemmamwe have ||b;]|? < 2j_1|]b;|]2, so we write
b2 < 2771257 b 1 = 27D g |12,
and together with we obtain
ol < 27 2 < 27 e ]
Since the previous equation holds for all j < ¢, the claim follows. O
Corollary 5.7. Let x € A\{0} and let (b;)i<i<n be a reduced basis. Then we have

loa]l < 20 7D72A(A).

6 The LLL algorithm and some applications

Named after Arjen Lenstra, Hendrik Lenstra and Lészlé Lovdsz, the LLL algorithm computes
a reduced lattice base in polynomial time.
Algorithm 2: The LLL algorithm (1982)
input : A basis (b;)1<i<p of a lattice A C R™.
output: A reduced basis of A.

k=2
Compute the GSO of (bi)lgigm (b?)lgign
while £ <n do
for j=k—1to1do // Corresponds to j-loop of Algorithm 1, for ¢=k.
zj = L]
br, = by, — xjb;
Hkj = Hkj — T
fori=1toj—1do
| Bkl = Mkl — Tl
if k> 1 and IIbLlII? > 2||b2||2 then

swap(by_1, by)
update (b;)1<i<n

k=k—1
else
L k=k+1

return (b;)1<i<n

6.1 Complexity of the algorithm

In order to simplify the computation of the complexity we make the benign assumption that
the coefficients of the vectors (b;)1<i<n in the base are integers.
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The algorithm alternates two phases: the proprification phase (the j-loop) and the swap
phase (the if-else clause). The first phase changes the vectors (b;); to guarantee that the basis
(b1,...,by) is proper, and the second phase swaps the elements by_1, b in the base if they do
not satisfy the Siegel condition in Defintion [5.2] changing the GSO basis.

If the algorithm terminates, then the output is correct by construction. We want to prove
that it terminates in polynomial time.

To do so we first bound the number of iterations and then bound the size of the data.

Notation For this section, we will use the following notation:
e A =maxji<i<n l16:12,
o A;=(b1,...,bi)z,
o D; = (det A;)* = [T, 10312,
e D=][",D;
and using Corollary for every A; we obtain

D < JTTT 10l = 1oa 2 o221 . b |* < AT D72,
i=1j=1

Number of iterations

We show how a swap changes the values of (D;)i<i<, and D, and use it to bound the number
of times that it can happen.

Lemma 6.1. The value of D decreases by a factor % at each iteration.

Proof. As we discussed in the proof of Algorithm 1, the proprification phase does no change the
GSO basis, hence it does not affect D; or D.

Therefore, all the changes happen at the swap phase. Note that for a given k, the swap of
bi_1 and by happens if and only if

1711 > 21 [0 I*.

In that case, the lattices A; remain unchanged for all ¢ # k — 1, hence the only D; that
changes is D1 = (det Ay_1)?. Let us denote as D', D!, b the values of D, D;, b; after the swap.
Then we have

D Dy ¥l
D~ D I,

(3)

We write b} | in terms of (b;)1<i<n.
o1 = b1 — Z o150 = bk — Z pkgb; = b + e k—1b 1
j<k—1 j<k—1

Going back to we conclude

Db Al 9
= = + W -1 =
D op_y |12 [16g_, 8
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Let D) denote the value of D after k iterations, and note that it is a positive integer. By
the previous lemma we have

3\ " 3\ "
1< DW < <> D < <> A1)/
= = \4 4

hence by taking logarithms we obtain

3 1

log A
1 B 0g A,

so we conclude k = O(n?log A).
We also observe that an iteration has O(n?) operations over Z, and conclude that there are
O(n*log A) operations in total.

Next we focus on bounding the size of the integers in use.

Lemma 6.2. For every l < k <n we have
Dk_lb;; e Z" and Dkﬂkl €.

Proof. Consider the relation

bj. = bk — Y viabi, v € Q,
1<k

and consider the scalar products

0= (b, bj) = (b, o) — > vgy(br, by) for 1 <t < k.
<k

We write this set of equations as a linear system with matrices
"B-1By-1(via)i = " By_1bpy =v € ZF !

where G = T Bj,_1Bj,_1 is the Gram matrix of the basis (b;)1<;<x_1, and det G = Dy_1. We
obtain
Di_1(vi); = det G- (vgy); = det G - G 1o = adj(G)v € zZF1,

where we use b; € Z.
It follows that for all [ < k we have Dy_qvy; € Z, hence we conclude

Dkflbz = Dj_1b, — Z(Dkfll/kl)bl eZ".

<k
For the second claim we write
b, bf
Dy = Dy |67 ) éb* bi; = (bg, D;_1b]) € Z. [
1271

Lemma 6.3. Throughout the LLL algorithm, the value M = maxi<i<y ||bf] does not increase.

Proof. It is once again true that the proprification phase does not affect the vectors in (b})1<j<n.
As for the swap phase, it follows from Equation that

101112 = N10%17 + i ge—a bR 17 < IR [* < M2

=~

10
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Next we focus on bﬁg*. Recall that the value

(det A')? H 1|2

is invariant, so we have
07— 1201 = o8 111651 = Nlok 0% 11,

hence
10117 < [|bf 4|17 < M.
O

It follows from the lemmas above that the denominators in b; and py; are bounded by
D, <A™
Next we bound |[|b|| and |pi;|. On the one hand we have

|M"‘2 — <bl’b;k> < ||b1H2
’ 1x2 ) = l1v51*

and D )
1= 52 5
so we conclude
|uij|* < Dy bl (5)

Lemma 6.4. During the proprification phase we have
b:]]* < n?(44)"F,

and elsewhere we have

I:]|* < nA

Proof. At the start of the algorithm we have, by definition of A, that

Recall the definition of b; in terms of (b})i<i<n,
bi=bf + ) pijb;
7<i

and define y;; = 1 so that we can write b} inside the summation. Let m; = maxi<j<; |pi;| and
consider

i
1oill =D L P110511> < nan A
j=1

Whenever we are outside of the proprification phase we have m; = |u;;| = 1 since for j < i
we have |p;;| < 1/2.

11
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Now for the proprification phase, at the beginning of an iteration we have

2 _ 2 , 112 n—1
mi = X fi; < max Dj_1[|bi]|* < A" - nA,
where we are using that the vectors (b;); are unchanged since the end of the previous proprifi-
cation phase, and hence they satisfy the bound [|b;||?> < nA.

Now let j < i, and assume that the basis is already proper for [ > j, that is, |u;| < 1/2.
We want to see how the value of m; changes when we update the values p; with respect to x;
for I < j.

1 3 1
(i — ] < pal + |25 - () < mq + (mg + 5) '3 < oMt g < 2m,.

It follows that on a proprification phase, the value of m; may increase by a factor of up to

21 < 2" 50 we conclude

| =

m? < 22" A" < n(4A)"
hence we obtain the bound on the claim. O
If we summarize all the bonds that we have found, we obtain
bkl < n(44) ™2 Dy _gbi|| < ARV | Dy | < A"DY ||| < A" A (44) D2,
All in all, the integers in question are of the order O(nlog A).
Theorem 6.5. Let A = maxi<;<, ||b;||2. Then, the LLL algorithm
e finishes in O(n*log A) operations over the integers of size O(n log A),
o requires O(n®log? A) binary operations, and

o requires O(n3log A) bits of space.

6.2 An application: The minimal polynomial

Theorem 6.6. Let z € C and assume that there exists an irreducible polynomial P =%} aprt €
Z[z] that satisfies P(z) = 0 and |Plloc = maxi<k<p|ax| < a, and that we can compute
Z(e) € Q(t) sich that |z — Z| < e for all € > 0 with

log (i) = O(n%log A).

Then, we can find P in polynomial time, O(nlog A).
Corollary 6.7. We can factor in Q[z] in polynomial time.

Proof. Consider z an approximation of a root z of P, and compute its minimal polynomial D.
(We can bound || D]l in terms of P with Mignotte’s bound). Then, either P is irreducible,
that is, we have D = P, or D is a factor of P and we can repeat the process with P/D. O

Idea of the proof of Theorem[6.6, We consider the lattice A generated by the columns of

1 0 0
0 1

B — 0

0 o 0 1

CRe(z") --- CRe(2) C

CIm(3") -~ CIm() 0

12
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where C' is a very big number.

Now let
v = (An,...,/\o,CRe (Z A,g’“) ,C'Im (Z Ak£k>>
k=0 k=0

be the first vector of a reduced basis of A.
For it to be short, we need

C]- C1-

Re (zn: Ak2k> Im (zn: )\kék> |
k=0 k=0

to be small, so if C' is big enough, then they are zero, and we conclude that
n
Qx) = Z ez
k=0

is the minimal polynomial of z. O

13
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